We model cross-market Bitcoin prices as long-memory processes and study dynamic interdependence in a fractionally cointegrated VAR framework. We find long-memory in both the individual markets and the system of markets depicting non-homogeneous informational inefficiency. Moreover, Bitcoin markets are found to be fractionally cointegrated, where uncertainty negatively impacts this type of cointegration relationship.
Introduction
Being both a valid form of payment and an alternative to governments-backed currency, Bitcoin has emerged, among the class of cryptocurrency, as the most popular digital money (Cheah and Fry, 2015; Pieters and Vivanco, 2017) . Indeed, Bitcoin has been used to purchase legal and illegal good and services (Bohme et al., 2015) as more retailers are accepting this cryptocurrency for transactionary purposes. 1 While bulk of the existing literature is focused on the legal aspects and underlying blockchain technology, little is known about the adaptive capability of Bitcoin markets following changes in the regulations and/or arrival of a stochastic shock. 2 This is important because a key element in the determination of Bitcoin prices is the assumption of full confidence of its users; that is, what a user feels at a point of time on the expected market prices. This leads to an unrealistic frictionless supply and demand interactions in the Bitcoin market. Moreover, this 'feeling' is conditional on a variety of factors, such as, the general macroeconomic/financial conditions of the real economy. Treated this way, Bitcoin markets are not completely 'memoryless' markets, rather are autoregressive in nature. The implication is that a shock in this market can leave a long-lasting impact on equilibrium prices. Quantifying this 'memory' and mapping its implications for market efficiency are very important in the context of the present research note.
Our premise appears to have strong support from the literature. Cheah and Fry (2015) and Katsiampa (2017) suggest that the recent volatility in Bitcoin prices is an outcome of market sentiments, where the latter can be attributed with the presence of significant 'memory'. Therefore, fluctuations in Bitcoin markets are, at least, partially accounted for by the ability of the system to remember past shocks. However, a strong memory is not necessarily a boon for the Bitcoin market, because large volatility in Bitcoin prices and its strong persistence often undermine the stability and threaten the store value function of Bitcoin as a currency. 3 Yet, the massive interests in Bitcoin investment appears to arise from the diversification strategy and hedging purposes in risk management. Indeed, Dyhrberg (2016a) found that Bitcoin is ideal for risk-averse investors in anticipation of negative shocks to the market, whereas Dyhrberg (2016b) found that Bitcoin could be used as a hedging asset against market specific risk.
The above discussions have a leading aim: to devise a robust mechanism that fully characterizes the profits in the Bitcoin market. Recalling that this market is virtually detached from the real economy, profits earned from the demand-supply equilibrium in Bitcoin market is principally driven by price changes at a point of time. Theoretically, the way one models 'price changes' should capture various degrees of market-(in)efficiency. The nascent but growing literature on the subject employs I(1)/I(0) framework, to test, whether the integration order (d) for Bitcoin prices in a market i at 1 For example, the number of transactions per month using Bitcoin increased from 12,000 to 2.1 million from August 2010 to August 2014 and in December 2015, approximately 200,000 Bitcoin transactions were carried out per day (Polasik et al., 2015) .
2 Both features are regularly present, for example, in the form of financial crisis, changes in political regimes and introduction of new regulations to control fluctuations in Bitcoin prices.
3 See, for instance, a recent review in the Independent about the unprecedented fall in Bitcoin prices after a recent surge. http : //www.independent.co.uk/lif e − style/gadgets − and − tech/news/bitcoin − price − live − updates − latest − value − exchange − rate − digital − cryptocurrency − f utures − investment − a8147681.html. time t (denoted as Y it ), is equal to 1 or 0 (see equation 1 below).
Rejection of a unit root null hypothesis (i.e., d = 1) is taken as an indication of the presence of (weak-form) informational market efficiency in the series. In other words, the current price reflects all available information of its growth over time. In reality, it does not have to be so because the strict assumption of I(1)/I(0) property can be contested on theoretical grounds. A significant amount of informational loss can occur unless we allow d to assume a real value between 0 and 1. That is, we are left with very limited information on the adaptive capability of Bitcoin markets to stochastic shocks. This leads an investor to settle with an undesirable sub-optimal gains from risk-adjusted returns.
In the current research note, we relax this strict assumption and model Bitcoin prices in a longmemory framework. We examining their dynamic interdependence/co-movement patterns across markets, where for each market, i, we define
In equation 2,
is the binomial coefficient defined for any real number d and non-negative integer j. The impact of a shock to Bitcoin prices in this setting is not necessarily permanent or completely stationary. In line with Fama (1970) if Bitcoin prices display significant 'memory', it contradicts the efficient market hypothesis (EMH) in varying degrees.
To test whether cross-market Bitcoin markets display heterogeneous informational inefficiency, we model them as an interdependent system. In a single market context, Bouri et al. (2017) and Bariviera (2017) have provided some evidence of long-range dependence. However, rarely a market in a highly internationalized world depicts atomistic behavior, more so a Bitcoin market whose cross-market mobility is relatively free from the strict limitations of monetary policy rules.
A long-memory estimation with explicit modelling of cross-market interdependency can aid users with reliable information on Bitcoin price (co-)movements and efficiency at both individual market and system levels. Thus, an innovation in this paper concerns identification of long-memory and characterization of cointegration relationship from a system perspective. Moreover, we hold that persistent uncertainty can exert a debilitating effect on the stability in Bitcoin markets. Accordingly, we examine the impact of uncertainty on price co-movements in this market. Recently To investigate further, in Section 2, we present data characteristics and estimation method. Uncertainty plays a prominent role in shaping users' sentiment and the confidence in the Bitcoin
prices. An ideal measure of uncertainty would be economic policy uncertainty of Baker et al. (2016) or financial uncertainty as in Ludvigson et al. (2016) . However, daily data on these measures are not available. A close approximation, as suggested by Bloom (2009) , is the estimated volatility of S&P 500. 4 We follow convention and estimate a class of GARCH(1,1) model. Assuming that shocks can leave an asymmetric impact on volatility, we estimate an asymmetric GARCH (1,1) specification of S&P 500 and use the estimated volatility as a proxy for daily uncertainty for each Bitcoin market. Table 1 . We observe that Canadian closing prices display highest average prices (361.863) with a standard deviation of 423.213, whereas UK market (GBP closing prices)
is among the lowest average (201.851) with a standard deviation of 228.289. Considering the percentile distribution of the closing prices, every market demonstrates large differences in mean;
for instance, when we compare the 25th, 50th and 75th percentile distributions for Canada, the respective mean are 12.781, 276.990, 563.810. To gain first hand knowledge of the presence of long-memory, we examine the autocorrelation function (ACF) and the spectral density plots of the price data. A long-memory in prices can be expected if their ACFs decay asymptotically as a power law (τ −α with α < 1) such that past prices leave a long-lasting impact on the present. This is precisely evident in Figure 2 (except GBP which appear to be stationary). The autocorrelation coefficient for the five Bitcoin prices lies in the range of 0.125 < α < 0.39 depicting remarkably strong memory. As an additional check, in Figure 3 ,
we have presented the spectral density functions for each series. We expect that for a fractional process the spectral density functions would have mass concentrated near the origin. Indeed, this feature is prevalent across five markets, implying that the prices follow a long-memory process.
Estimation (A) Memory in an individual series
Among various approaches to estimate the memory parameter d in equation (2) estimators. The ELW makes no assumption about the presence of cointegration and is consistent both when cointegration is present and when it is absent. Moreover, this estimator is also applicable to both stationary and non-stationary cases.
(B) Memory in a system and its impact on equilibrium relationship
To understand the dynamic nature of interdependence among Bitcoin markets, we employ a cointegrated vector autoregression (VAR) model which is able to capture fractional processes characterized by slowly decaying autocorrelation functions. In our case, the given vector of cross-market 
which we apply to
As usual, t is p-dimensional independent and identically distributed with mean zero and covariance matrix Ω.
Moreover, α and β are p × r matrices, where 0 ≤ r ≤ p. The columns of β represent the cointegrating relationships in the system, whereas the elements of β X t represent the long-run equilibria relationship among the variables in the system. Moreover, the coefficients in α represent the speed of adjustment towards equilibrium for each of the variables, whereas the parameters Γ i govern the short-run behaviour of the variables. We begin with the assumption that d = b and that there is a constant term for the cointegration relationship in the model (see equation 4). This gives rise to:
In the above, µ can correct for the fact that all initial values of X t are not observed. The model we estimate is
Note that β µ = −ρ represents the mean of the stationary cointegrating relations.
Test of fractional cointegration
We now test hypotheses to establish fractional cointegration. The two hypotheses are H r = rank(Π, µ) = r and 
Where
totic distribution of LR T (q) depends on the parameter b. Hence if 0 < b < 0.5 the cointegration relation is accounted as weak and therefore, to define the acceptance or rejection of critical value, chi-squared distribution with q 2 degree of freedom is used where q = p − r. For 0.50 < b < 2 the cointegration relation is accounted as strong and the following LR test statistics is used:
The vector process dW is the increment of ordinary vector Brownian motion of dimension q = p − r. The vector process F depends on the deterministic similar to the cointegrated VAR model in Johansen (Johansen, 1995 Table 2 Phillip's estimates confirm that the estimated d values are statistically significant at 5% level. Thus, estimation using both approaches concludes that individual price series are fractionally integrated. 
(B) Evidence from system estimation: the FCVAR results
We begin by determining lag, k, and rank of the 5-variables FCVAR system (four relative prices and uncertainty). Tables 3 and 4 summarize these results, respectively. A general-to-specific testing strategy of lag length in Table 3 revealed that the null hypothesis of zero lag was rejected until we reached k = 2 following AIC criteria. The likelihood ratio (LR) test statistic for each k with a p−value shows that for k = 2, the p−value = 0.019 and the p-value for the multivariate Ljung Box Q-test (pmvQ) is 0.25 implying that for this lag length, there was no evidence of serial correlation.
The estimated d for k = 2 is 0.510 implying that the Bitcoin markets possess a system-wide longmemory. We determine now the number of cointegrating rank of the FCVAR system. Results in Table 4 (meant to be read top to bottom) reveals that we reject the null of rank 0 against rank 5.
The sequential testing leads us to choose 4 where the p-value is 0.363. For this rank, the estimated d is 0.510 indicating that the Bitcoin market has a system long-memory and that such a memory implies high-inefficiency in the Bitcoin market.
In the final stage, we estimate an unrestricted FCVAR to test if the cross-market Bitcoin prices are fractionally cointegrated VAR (results are presented in Table 4 ). In general, the system depicts a cointegration pattern where the disequilibrium correction is slower. This can be tested by imposing a restriction on d. We expect a rejection of the null hypothesis if we believe that the system is actually characterized by fractional dynamics. The null hypothesis we test is d = 1;
i.e. that the model is a Cointegrated VAR. The alternative hypothesis is FCVAR. We impose an identification restriction which normalizes the β matrix. This provides added benefit in terms of the interpretation of the equilibrium relations as it is more intuitive while analyzing the long-run dynamics of each Bitcoin variable separately. 
6.305
13.767 
4 Robustness
Identification of break-points
How robust are our results to the consideration of a break point in the sample? It is well-known that structural breaks can leave a long and non-stationary impact on a time series, leading to a wrong inference on the overall stability of the parameters. As Bitcoin prices display significant fluctuations, these may point to both shifting mean and variances over time (see Figure 1) . Therefore, it is necessary to identify the significant change points in the data. A multiple-break test with unknown change point is suitable for our purpose, because imposition of an exogenous known break-point may further induce measurement bias. We use Andrews' (1993) critical value and perform a Sup-Wald test in each Bitcoin market.
The sup-Wald test identified 2/12/2013 as the break point for Euro, USD and Australia, whereas for Canada and the UK, the identified break point is 25/02/2014; the Sup-Wald values are 42.850
and 47.210, respectively with a p-value of 0.000 implying a rejection of no-break point in the data.
Given that Bitcoin markets are highly integrated and are largely detached from the dynamics of the real economy, many markets may share common dates of break-points as is the case in our context. Do these identified change points correspond to any known historical antecedents? 5 Our investigation revealed that in the first week of December, 2013, the People's Bank of China 5 Many thanks to the anonymous referee for pointing this out.
prohibited Chinese financial institutions from using Bitcoins. After the announcement, the value of Bitcoins dropped, and Baidu no longer accepted Bitcoins for certain services. 6 Similarly, in the early February, 2014, one of the largest Bitcoin exchanges, Mt. Gox, suspended withdrawals citing technical issues. By the end of the month, Mt. Gox had filed for bankruptcy protection in Japan amid reports that 744,000 Bitcoins had been stolen. 7 
FCVAR implementation after break-point identification
Having identified the two break-points for different markets, we now present estimates of univariate presence of structural break impacted the magnitude ofd, yet, we found no evidence of insignificant system long-memory.
Conclusions and implications
In this note, we have proposed a new mechanism to understand dynamic interdependence of Bitcoin prices in a cross-market context. Due to the unique nature of the Bitcoin market, it is highly likely that the determination of equilibrium prices in this market can be significantly guided by the strength of the 'memory'. This long-memory, for which we found significant evidence across markets, can cause a 'system failure' in the event of the introduction of new regulations in the financial markets. It appears to be the case because the spiraling new highs of Bitcoin prices has forced many governments (for example, India) to impose certain regulatory restrictions on the acceptance of Bitcoin as a legal currency (see the following link for details: https://www.coindesk.com/bitcoinnot-legal-tender-in-india-finance-minister-says/).
Our results also indicate that Bitcoin markets are moderate to highly inefficient where the estimated memory in prices can help investors capture speculative profits. There is also an evidence of slow adjustment of disequilibrium error implying that the interdependent Bitcoin markets can be significantly affected by movement of a stochastic shock. Finally, we find that uncertainty has a general negative effect on Bitcoin markets. The overall policy implication is the following. While there is a general claim of virtual detachment of Bitcoin market from the real economy leading to the assumption that economic fluctuations should have least impact on its equilibrium price determination, we showed that it is actually inherently tied to the dynamics of the real economic system. The observed inefficiency in the Bitcoin market (as reflected by our system memory estimates) can therefore be, at least partially, regulated and tightly interlinked to the real economy. 
